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BODIES WITH SIMILAR PROJECTIONS

G. D. CHAKERIAN AND E. LUTWAK

ABSTRACT. Aleksandrov’s projection theorem characterizes centrally symmet-
ric convex bodies by the measures of their orthogonal projections on lower
dimensional subspaces. A general result proved here concerning the mixed
volumes of projections of a collection of convex bodies has the following corol-
lary. If K is a convex body in R"™ whose projections on r-dimensional subspaces
have the same r-dimensional volume as the projections of a centrally symmet-
ric convex body M, then the Quermassintegrals satisfy W;(M) > W;(K), for
0 < j < n—r, with equality, for any j, if and only if K is a translate of M. The
case where K is centrally symmetric gives Aleksandrov’s projection theorem.

Let C™ denote the set of convex figures (compact, convex subsets) of Euclidean
n—space, R"™. Let ™ denote the subset of C™ consisting of the convex bodies (convex
figures with non—empty interiors) in R™. A convex figure is said to be centered if
it is symmetric about the origin, and a translate of a centered figure is said to be
centrally symmetric. Let C?, and K7, denote the set of centrally symmetric figures
in C™ and K", respectively.

Let G(n,i) denote the set of i—dimensional subspaces of R”. For K € K" and
¢ € G(n,i), let K|¢ denote the image of the orthogonal projection of K onto &, and
write vol; (K|€) for the i-dimensional volume of K|¢.

A theorem of Aleksandrov [1937] states that if K, L € K” and if for some i, such
that 0 < i < n,

vol;(K|€) = vol;(L|§), for all £ € G(n,i),
then
L is a translate of K.

The following extension of Aleksandrov’s theorem is a special case of Corollary
(4.6) of this article:

Theorem. If K € K, L € K" and if for some i, such that 0 <1i < n,
vol; (K|€) = vol;(L|§), for all €& € G(n,i),
then,
vol, (K) > vol, (L),
with equality if and only if L is a translate of K.
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Note that Aleksandrov’s theorem is an immediate consequence: If K, L are both
in K7, and

vol;(K§) = vol;(L|€), for all ¢ € G(n,1),
then the Theorem gives both
vol, (K) > vol, (L) and vol, (L) > vol, (K).

But the equality conditions of the inequality of the theorem now show that K and
L must be translates of each other.

For the case ¢ = 1, the Theorem is well-known (it can safely be described as
folklore). For the case i = n — 1, the Theorem is due independently to Petty
[1967] and Schneider [1967]. For ¢ = 1, the proof involves the use of Minkowski
combinations and the Brunn—Minkowski inequality. For ¢ = n—1, the proof involves
the use of Blaschke combinations and the Kneser—Siiss inequality. Unfortunately,
for values of ¢ other than 1 and n — 1 there is no analog of Minkowski and Blaschke
combinations. Not only is no analog of these combinations known, but as Fedotov
[1979] and Goodey & Schneider [1980] have independently shown, none exists. The
lack of a generalization of Minkowski and Blaschke combinations indicates the need
for a new approach in establishing the Theorem. The methods presented in this
article will work for all 4.

1. NOTATION AND BACKGROUND MATERIAL

For convex figures Ki,...,K, € C" and real numbers Aj,... A, > 0, the
Minkowski linear combination A\ K7 + - -+ + A\ K. € C" is defined by

(11) )\1K1—|—-"—|—ATKTZ{)\1$1—|—-"+)\T$T€Rnl$iEKi}.

Of fundamental importance is the fact that the volume, vol, (A K1+ -+ A\ K,.),
of a linear combination of figures defined by (1.1), can be expressed as a symmetric
homogeneous n—th degree polynomial in the A;:

(1.2) voly (M K1+ + A Kp) =D Vi, Aiy -+ A

where the sum is taken over all n—tuples (i1, ... ,i,) of positive integers not exceed-
ing 7. The coefficient V;,...;, (which is required to be symmetric in its subscripts)
depends only on the figures K;,,..., K, , and is uniquely determined by (1.2); it
is called the mixed volume of K;,,...,K; , and is written as V(K;,,..., K;, ).

If¢ € G(n,r) and Ky, . .. , K, are convex figures in §, then ve (K7, ... , K,) will be
used to denote the r—dimensional mixed volume of the convex figures Ki,... , K,
in {. If r = n — 1, then the subscript ¢, in ve(Ky,...,K,), will sometimes be
suppressed.

If K4,...,K, €C" and C = (Ky,... ,K,_1), then V(K1,...,K,) will some-
times be abbreviated as V(C, K,,). The i-th Quermassintegral (or i—th mean pro-
jection measure) W;(K) of K € C™ can be defined by

Wi(K)=V(K,... ,K,B,...,B).
Thus, Wy (K) is the ordinary volume of K, while nW7(K) is the surface area of K.
Let 6 denote the Hausdorff metric on C"; i.e., for K, L € C™,

S(K,L)=min{e >0: K CL+eB and LCK+eB},
where B denotes the unit ball in R"™.
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The following is a list of the needed basic properties of the mixed volume func-
tional

ViC'x- - xC" —[0,00).
—_—

(1.3) It is symmetric in its arguments.

(1.4) Tt is linear in each of its arguments with respect to Minkowski linear combi-
nations; i.e., if Ky,... ,K,—1 € C" and C = (Ky,...,K,_1), then for K,L € C"
and A\, u > 0,

V(C,AK + uL) =AV(C,K) + uV(C, L).
(1.5) Tts diagonal form reduces to ordinary volume; i.e., for K € C",
V(K,...,K)=vol,(K).

(1.6) It is continuous (in fact, uniformly continuous) in each argument, with respect
to the Hausdorff metric.

(1.7) It is invariant under independent translations of its arguments; i.e., if K; € C",
and z; € R", then

V(xl + Kq,... 7{En+Kn):V(K1, 7Kn)

To state the next property needed, some additional notation is required. For u €

S™~1 let @ denote the closed line segment joining the origin and w. If 1, ... ,z, €
R™, then write [z1,...,x,] for the linear space spanned by z1,... ,z,, and write
[z1,...,x.]* for the orthogonal complement of [x1, ... ,z,].

(1.8) If Ky,...,K, €C" and u1,... ,Up_r € S and € = [u1,... ,up_,|* then
V(Kl, e ,KT, ﬂl, e ,ﬂn_r) = Crl)g(Kﬂf, e ,KT|€) VOln_r(ﬂl + -+ ﬂn_r),
where ¢, depends only on r (and n). This well known (see, e.g. Burago—Zalgaller

[1988]) and useful fact is an easy consequence of (5.3.23) in Schneider [1993].
One of the fundamental inequalities for mixed volumes is the Minkowski (mixed
volume) inequality: If K, L € K", then
(1.9) V(K,... ,K,L)" > vol,(K)" *vol,(L),
1

with equality if and only if K and L are homothetic.
The Aleksandrov—Fenchel inequality states that if K1,..., K, € C", then

(1.10) V(K. K > [V K Ko, Ko).
j=1 %T,_/

Unfortunately, the equality conditions in the Aleksandrov—Fenchel inequality are
only known when restrictions are imposed on the bodies involved (see e.g. Schneider
[1985], [1990]). In this article, the only equality conditions used are for the case

where K1 =--- = K,_1, and K, =--- = K,, = B. Specifically, if K, L € K" and
0<i<n-—1, then
(1.11) V(K,...,K,B,... ,B,L)"" > W;(K)" """ W,(L),
—— ———
n—i—1 i

with equality if and only if K and L are homothetic. See Leichtweifl [1980]. Of
course, the case ¢ = 0 of this inequality is just the Minkowski inequality.
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A zonotope is a Minkowski combination of line segments; i.e., Z € C" is a
zonotope if there exist u1,... ,u, € S" 1 and Aq,..., A > 0, such that

(1.12) Z = MNu1+ -+ AUy

A body in C™ that is the limit (with respect to the Hausdorff metric) of zonotopes
is called a zonoid, and Z™ will be used to denote the class of zonoids. It is easily
verified that Z™ C C?. A body K € C" is said to be a generalized zonoid if there
exists a Z € Z", such that K + Z € Z™. While the class of generalized zonoids,
Z,, is a proper subset of CY, it turns out that Z is dense in C7. For reference
regarding zonoids and generalized zonoids, the reader is referred to the excellent
surveys of Schneider & Weil [1983] and Goodey & Weil [1993], and the book of

Schneider [1993].

2. AN IDENTITY FOR MIXED VOLUMES

The following easy result will be one of the main ingredients in the proof of the
Theorem stated in the introduction. It can be deduced from mixed volume formulas
in Weil [1974], [1976], [1979], and Schneider & Weil [1983]. The techniques used in
the proof are from the previously cited work of Weil.

Lemma (2.1). If1<r<nand K1,K{,... ,K,, K/ € C", while C=(K1, ... ,K,)
and C' = (K1,...,K}), then

(2.1.1) V(C,Uri1,ee s 0n) = V(C g1, s n), for all u; € S™1,

if and only if

(212) V(C7QT+1,... 7Qn) = V(C/,QT_H,... ,Qn), fO’l“ all Qz S K:Z

Proof. From (1.3) it follows that to show that (2.1.1) implies (2.1.2), all that need
be demonstrated is that

(2.2.1) V(C,tpi1y--- lin_1,4) = V(C Urg1,.-. ,Un_1,0),
for all uw € S"~!, implies that
(222) V(Ca ﬂ’r+la cee sy Un—1, Q) = V(ClaaT-i-la coe sy Un—1, Q)7

for all Q € K?. To see this, note that from the definition of a zonotope (1.12), and
the Minkowski linearity of mixed volumes (1.4), it follows that (2.2.1) implies

(23) V(C,ﬁr+1, vy Up—1, Z) = V(C/,ﬁr+1, ey Up—1, Z),

for all zonotopes Z. The continuity of mixed volumes (1.6) and the definition of a
zonoid shows that (2.3) must hold for all Z € Z™.

Suppose @ € Z7. Thus there exists a Z € Z" such that Q + 2 € Z". Let
D = (Kl, NN ,KT,’L_I,T+1, PN ,ﬂn_l) and D = (Ki, PN ,K;, ﬂr+17 ‘e aﬂn—l)- Since
Q+ Z € 2™, it follows from (2.3), and the Minkowski linearity of mixed volumes
(1.4), that

VD,Q)+V(D,Z2)=V(D,Q+2)=V(D',Q+2)=V(D',Q)+ V(D' 2).
Since by (2.3), V(D, Z) = V(D’, Z), it follows that V(D, Q) = V(D’,Q), showing
that (2.2.2) holds whenever @ is a generalized zonoid. Since every member of K7
is the limit of generalized zonoids, it follows from the continuity of mixed volumes
(1.6), that (2.2.2) must hold for all Q € 7.

That (2.1.2) implies (2.1.1) is trivial: For each ¢, choose a sequence Q; ; € K7,
such that lim; .o Q;; = @;, and use the continuity of mixed volumes (1.6). O



BODIES WITH SIMILAR PROJECTIONS 1815

3. BODIES OF CONSTANT RELATIVE GIRTH

Suppose M € K7, and 0 < r < n — 1. Following Chakerian [1967], a body

K € K™ is said to have constant relative r—girth, equal to ¢, with respect to M, if
the (n — 1)-dimensional mixed volume

o(Klut, ... Klut, Mu*,... Mlut) = cvol,_(Mub),

T n—r—1

for all w € S”~1. In general, the bodies K1,... , K, € K" are said to have constant
relative mixed r—girth, equal to ¢, with respect to M, if the (n — 1)-dimensional
mixed volume

(3.1) o(Kiut, ... K lut, Mut, ..., M|ut) = cvol,_y (M|u®),

n—r—1

for all u € S™~L.
The following characterization will be needed:

Lemma (3.2). The bodies K1,...,K, € K" have constant relative mized r—girth,
equal to c, with respect to M € K7, if and only if
(3.2.1) V(Ki,...,K;,M,... M,Q)=cV(M,..., M,Q),
N—— ——
n—r—1 n—1

for all Q € K.

Proof. From definition (3.1), and property (1.8), it follows that Ki,..., K, have
constant relative r—girth, equal to ¢, with respect to M, if and only if,
V(Ky,... ,K;yM, ... M,a)=cV(M,... ,M,u),
——— —————

n—r—1 n—1

for all u € S"~!. But Lemma (2.1) shows that this is equivalent to condition
(3.2.1). 0

Obviously, from Lemma (3.2), a body K € K™ has constant relative r—girth,
equal to ¢, with respect to M € K7, if and only if
V(K,...,K,M,... M,Q)=cV(M,...,M,Q),
for all @ € K7.
By choosing @ = M in Lemma (3.2), using (1.5), Lemma (3.2) becomes

Lemma (3.3). The bodies K1,... ,K, € K™ have constant relative mized r—girth,
with respect to M € K2, if and only if
vol,( M)V (Ky,... , K., M,... ,M,Q)
————
n—r—1

= V(Ky,...,K,, M,... , M)V(M,... ,MQ),

n—r n—1

for all Q € K7.
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Hence, the body K € K™ has constant relative r—girth, with respect to the body
M € K7, if and only if

vol,(M)V(K,... , K,M,... M,Q)=V(K,... K,M,... M)V(M,..., M,Q),
——

R T TS e
for all @ € K7.
Theorem (3.4). If Ki,...,K, € K™ have constant unit relative mized r—girth,
with respect to M € K7, then
(3.4.1) vol, (M)" > vol, (K1) - - - vol, (K),
and
(3.4.2) Wi(M)" = Wi(Ky) - Wai(K),

with equality in either inequality implying that the K; are homothetic to M.
Proof. In Lemma (3.2) take Q = M, use (1.5), and get
vol, (M) =V (Ky,... ,K,,M,... , M).
—_———

n—r

The Aleksandrov—Fenchel inequality (1.10), together with (1.5), applied to the
mixed volume above yields

vol, (M) > vol, (M)" " [[V(Ki,... . Ki, M).
i=1 M

The Minkowski inequality (1.9), applied to the mixed volumes, will now yield in-
equality (3.4.1), with its equality conditions.
In Lemma (3.2) take @ = B, and from the definition of Wi (M) get

Wi(M)=V(Ky,... K, M,...,M,B).
————
n—r—1

When the Aleksandrov—Fenchel inequality (1.10) is applied to the mixed volume on
the right, the result is:

Wl (M)n_2 Z Wl(M)n_T_2 H V(K’Lv s aK’iv M7 B)
i=1

n—2

Inequality (1.11), applied to the mixed volumes, will now yield inequality (3.4.2),
with its equality conditions. O

If in Theorem (3.4) Ky = --- = K, then the equality conditions are stronger:

Corollary (3.5). If K € K™ has constant unit relative r—girth, with respect to
M € K7, then

vol, (M) > vol,,(K) and Wi (M) > Wi (K),

with equality in either inequality if and only if K is a translate of M.
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4. BODIES OF CONSTANT RELATIVE BRIGHTNESS

Suppose M € K7, and 0 <7 <n—1. A body K € K" is said to have constant
relative r-brightness, equal to ¢, with respect to M, if

vol,. (K|§) = cvol,.(M|£) for all £ € G(n, ).

In general, the bodies Ki,..., K, € K™ are said to have constant relative mixed
r—brightness, equal to ¢, with respect to M, if
(4.1) ve (K1l ..., Kr[€) = cvol. (M]E) for all £ € G(n, 7).

The following characterization will be used:
Lemma (4.2). The bodies Ki,...,K, € K" have constant relative mized r-
brightness, equal to c, with respect to M € K7, if and only if
(42) V(Kla s 7KT7Q17 s 7Q’I’L—’I‘) = CV(M7 s 7M7Q17 s 7Qn—r)7

————

for all Q; € K7
Proof. First, suppose K1, ... , K, have constant relative mixed r—brightness, equal
to ¢, with respect to M. If ui,... ,up_, € S"~1, then by (1.8),
V(K ..., K ti1, ... On—y) = cug(KLE, .. Kp|§) vOlp— (@1 + -+ - + Upn—y),
where & = [u,... ,u,_.]*. Also by (1.8),
V(M,... M,ay,...,4n—r) = cvol.(M|&) voly—r(T1 + - + Up—r).
———

T

Since by (4.1),
ve(K1lE, ..., Kr[€) = evol,.(M|E),
it follows that

V(Kl,... ,Kr,ﬂl,... ,ﬂn_r) ZCV(M, ,M,l_tl,... 7an—r)7
N———’

T

from which Lemma (2.1) yields (4.2).

Now, suppose (4.2) holds, and suppose £ € G(n,r). Choose uy,... ,u,_, € "}
such that [ug,... ,u,—,] = &, For each i, choose a sequence @; ; € K7, such that
lim;_,o Qi ; = @;. From (4.2), and the continuity of mixed volumes (1.6), it follows
that

V(Kl,.. . ,KT,’L_J,l,.. . aﬂn—r) = CV(M,.. . ,M,’L_I,l,.. . aﬂn—r)-
———

But by (1.8) this implies that
ve(K4lE, ..., Kr|§) = cvol,. (M),

showing that Ki,..., K, have constant relative mixed r—brightness, equal to c,
with respect to M. O

Thus, a body K € K™ has constant relative r—brightness, equal to ¢, with respect

to M € K7, if and only if
V(Ku 7K7Q17"' 7QTL—7‘)ZCV(M7"' 7M7Q17"' 7Q’I’L—7‘)7
~—— ———

T T

for all Q; € K7.
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By choosing Q1 = -+ = Qn—r» = M in Lemma (4.2), and using (1.5), Lemma
(4.2) can be rewritten as:

Lemma (4.3). The bodies Ki,...,K, € K" have constant relative mized r-
brightness, with respect to M € K7, if and only if

s

VOln(M) V(Klv" . 7KT7Q17" . )QTL—T)
= V(K. Ko, M,... ,M)V(M,... , M, Q1,...,Qn_r),

n—r T

for all Q; € K2.

Thus, a body K € K™ has constant relative r—brightness, with respect to M €
K7, if and only if
VOl"(M) V(K7 s 7K7Q17 cee 7Qn—'r)
——

T

=V(K,...,K,M,... MYV(M,... M,Q1,...,Qun_y),
——

T n—r kA
for all Q; € K7.
By choosing @1 = -+ = Qn_r—1 = M in Lemma (4.2), it follows from Lemma
(3.2) that:
Proposition (4.4). IfK;,..., K, € K™ have constant relative mized r—brightness,
with respect to M € K7 then K1,... , K, € K™ have constant relative mixzed r—girth,

with respect to M.

Thus, if K € K" has constant relative r—brightness, with respect to M € K7
then K € K™ has constant relative r—girth, with respect to M. For the case where
M = B, this was established by Firey [1970].

Theorem (4.5). If M € K?, and Ky,... ,K, € K™, and if
ve(KalE, ... Krl€) = vol, (M[E),  for all § € G(n,7),
then

Wy_(M) =V (Ky,... K, B,...,B),

and for all j such that 0 < j <n —r,
Wi(M)" = Wj(Ky) - - Wi (Ky),
with equality, for any j, implying that the K; are all homothetic to M.

Proof. Taking Q1 = -+ = Qn—r = B in Lemma (4.2), gives
Wyp_o(M) =V (Ky,... K. B,...,B).
——
Suppose 0 <j<n—7r. Take Q1 =---=Q;=Band Qj1 = =Qnr =M

in Lemma (4.2), and get
W, (M) =V(Ky,... , K., M,... ,M,B,... B).
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The Aleksandrov—Fenchel inequality (1.10) is applied to the mixed volume on the
right to give:

Wi (M) 7=t > W, (M)t | | V(K;,...,Ki{,M,B,...,B).
) —
=l n—j—1 j

Inequality (1.11), the Aleksandrov—Fenchel inequality with equality conditions, ap-
plied to the mixed volumes in the product, gives

W;(M)" = W;(Ky) - Wi(Ky),
with equality implying that each K; is homothetic to M. O

For the special case of Theorem (4.5) where K7 = --- = K., the equality condi-
tions are stronger:

Corollary (4.6). If M € K, and K € K", and if
vol,. (K |€§) = vol,.(M]£), for all ¢ € G(n,r),
then Wy (M) = Wy —.(K), and for all j such that 0 < j <n—r,
W; (M) = W;(K),
with equality, for any j, if and only if K is a translate of M.

Let V(M) denote the set of all bodies in ™ with constant relative r—brightness,
with respect to M.

Corollary (4.7). The only centrally symmetric bodies in V(M) are homothetic to
M.
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